Abstract. We determine the boundedness and compactness of a large class of operators, mapping from general Banach spaces of holomorphic functions into a particular type of spaces of functions determined by the growth of the functions, or the growth of the functions derivatives. The results show that the boundedness and compactness of such intrinsic operators depends only on the behaviour on the point evaluation functionals. They also generalize previous similar results about several specific classes of operators, such as the multiplication, composition and integral operators.
Introduction
In this article we characterize the boundedness, compactness and weak compactness of a general class of operators acting on spaces of holomorphic functions, and mapping into the class of so called growth spaces. While there is an extensive existing literature on properties of operators acting on function spaces, it mostly deals with either specific types of operators, or with specific types of spaces. Few of the more recent relevant papers of this kind are, for example, [4] , [5] , [9] , [10] . Our goal here is to consider the boundedness and compactness of a natural general class of operators on Banach spaces of holomorphic functions by using fairly general techniques, showing also that a large number of the existing specific results follow from our more general consideration.
Let D denote the open unit disk in the complex plane. Let H(D) be the space of all holomorphic functions on D with the topology of uniform convergence on compact subsets of D, which we denote by τ uc .
We will say that an operator T : H(D) → H(D) is intrinsic for H(D) if it is well defined and continuous, namely when it maps τ uc convergent sequences in H(D) into τ uc convergent sequences. There are many specific classes of intrinsic operators whose properties have been extensively studied in the last few decades. They include operators related naturally to the operations that one can perform on a holomorphic function, such as multiplication, composition, differentiation or integration. Since as a consequence of Montel's theorem, the identity operator on H(D) is compact, the really interesting questions arise when we consider intrinsic operators restricted to specific subspaces of H(D). Our main goal is to determine the boundedness and compactness of these operators, when mapping a fairly general class of Banach spaces contained in H(D) into the growth spaces H v and B v defined below.
Recall that a weight is a continuous function v : D → (0, 1]. A weight v is is called a radial weight if it is also a radial function, i.e. when v(z) = v(|z|). If moreover lim |z|→1 v(z) = 0 and v is non-increasing with respect to |z|, then the weight is usually referred to as a typical weight. Unless stated otherwise, we will assume that our weights are typical weights. The growth spaces corresponding to a weight v are defined as follows: If the growth function v(z) = (1 − |z| 2 ) β , β > 0, the growth spaces H v and B v are usually denoted by H β and B β correspondingly, and we will refer to them as classical growth spaces. The spaces B β are also called Bloch-type spaces. We also note that when β > 1, the identity operator acts as an isomorphism between the space H β−1 and the space B 0 β , a subspace of B β of functions f with f (0) = 0.
Growth spaces are an interesting and important class of Banach spaces of holomorphic functions. They have been explored in many different contexts and there are many general and more specific references such as, for example [2] , [3] , [14] . Some well known properties of these spaces, the proofs of which can be found in the cited papers and their further references, are that:
• For a radial weight v, H v is strictly bigger than H ∞ (the space of bounded holomorphic functions on D) if and only if lim |z|→1 v(z) = 0. If lim sup |z|→1 v(z) > 0, then H v,0 = {0}.
• The topologies on H v and B v are stronger than the τ uc topology;
• The double duals H * * v,0 and B * * v,0 are isometrically isomorphic to H v and B v correspondingly;
• The point evaluation functionals on H v,0 and B v,0 are bounded and are uniquely extended to point evaluation functionals on H v and B v with equal norms. We will denote them correspondingly by K H z and K B z .
• The differentiation operator sending f → f ′ is an isometric isomorphism between B 0 v , the subspace of B v of functions with f (0) = 0, and H v .
• The differentiation operator sending f → f ′ is an isomorphism between H 0 β , the subspace of H β of functions with f (0) = 0, and H β+1 .
• The derivative point evaluations K B z,1 on B v,0 (and on B v ) are bounded linear functionals.
• The maps z → K H z , z → K B z and z → K B z,1 are continuous, and the norms of the point evaluations and derivative point evaluations go to infinity, as |z| → 1.
The domain for the operators considered will be of a fairly general type, and will be referred to as an initial space. More precisely, we will say that X is an initial space if X ⊂ H(D) is a Banach space containing the polynomials, and such that the closed unit ball B X of X is compact with respect to the τ uc topology, namely:
• for every sequence {f n } in the closed unit ball B X of X, there exists a subsequence {f n k } and a function f in X such that f n → f in the τ uc topology.
This includes a large class of well known classical spaces of analytic functions such as the Hardy, weighted Bergman, weighted Dirichlet, Besov-type, BMOA and the growth spaces. The little growth spaces on the other hand are not initial spaces since the closed unit ball of the little growth spaces is only relatively compact with respect to the τ uc topology, namely it is τ uc dense in the closed unit ball of the corresponding growth spaces (see [3] and [9] ).
As we will show below, the boundedness and the compactness of intrinsic operators is completely determined by their behaviour on the point evaluation functions (also referred to as kernel functions). Section 2 contains the general boundedness criteria and several specific examples of applications of these criteria. Some of the applications to specific classes of operators give results that have been known before, and some of the applications are new results. This section also contains a result about a special class of non-reflexive spaces, for which the boundedness and weak compactness of the intrinsic operator on the space and on its double dual are closely related. The general compactness and weak compactness characterization of the intrinsic operators, and few further specific examples and applications of these results are presented in Section 3.
Boundedness
Recall that K H z denotes a bounded point evaluation functional for H v , namely
Similarly, it is also easy to see that the norm of the derivative point evaluation functional K B z,1 for the space B v is such that ||K B z,1 || ≤ 1 v(z) . In order to give a boundedness criteria for general linear transformations on subspaces of H(D), we introduce the following notation. For a linear transformation T : H(D) → H(D), a Banach space X ⊂ H(D) and z ∈ D, define a linear map from X into C by:
We have the following operator boundedness characterizations when the target space is a growth space. The statements and the proofs of the next two main theorems in this section are mostly just a general characterization of boundedness of linear operators on Banach spaces, using algebraic duals and operator adjoints. We provide the statements and the proofs in this specific context in order to show more clearly the notation choices, and also to show how the existing boundedness characterizations for some specific operators follow as a consequence of this more general case. 
For the other direction, assume that (2.1.1) holds, i.e. that (K H z ) T ∈ X * , ∀z ∈ D and that ∃C > 0 such that
||f || X , and so (2.1.1) implies that
(ii) The proof of the second part is similar, and we leave it to the reader. We note only that in this case T :
Note that from the inequalities in the proof of part (i) above, and since for
we can easily see by taking appropriate supremums that when T :
We get a similar conclusion also for part (ii) of the previous theorem. In this case though, we are dealing with semi-norms, and so we need to restrict the range of T to a subspace of B v . Namely, if P is the map onto the subspace B 0 v defined by
We will illustrate the application of the previous theorem first to two specific classes of operators, i.e. weighted composition operators and integral operators. There is a vast literature exploring the properties of these two classes of operators, acting on various spaces of holomorphic functions. One of the most recent articles of this kind is, for example, [4] , and we cite below some of its results which also follow from Theorem 2.1. Another recent relevant interesting article is [5] . It characterizes the bounded, weakly compact and compact integral operators from a variety of specific Banach spaces of holomorphic functions into the space of bounded holomorphic functions H ∞ (D), and into the disk algebra A(D). Even though its general approach and the actual target spaces are different, few of the particular ideas were an inspiration for the generalizations obtained here.
The operator W u,φ is an intrinsic operator on H(D).
If X is also a Banach space with bounded point evaluations, i.e.
is trivially in X * , since φ(z) ∈ D and X is a Banach space with bounded point evaluations. Furthermore, the previous equalities also show that
. The next example is the example of an integral operator. Let g ∈ H(D) and let X ⊂ H(D). The integral operator T g is defined by
It is easy to see that the integral operator T g is also an intrinsic operator on H(D).
The differential operator Df = f ′ is an isometric isomorphism between the space B 0 v = {f ∈ B v ; f (0) = 0} and the space H v . Thus, it is easy to see that the integral operator T g : X → B v is bounded if and only if the multiplication operator M g ′ : X → H v is bounded. Since for β > 0 the differential operator is an isomorphism between the space H 0 β and H β+1 , we get similarly that T g : X → H β is bounded if and only if M g ′ : X → H β+1 is bounded. Also, from the discussion above on weighted composition operators, we have that if X ⊂ H(D) is a Banach space with bounded point evaluations δ z , then the condition (K H z ) M g ′ ∈ X * is equivalent to g ′ (z)δ z ∈ X * , which is trivially true, and that M * g ′ K H z = g ′ (z)δ z . Using these few general facts about the weighted composition operators and the integral operators, the next three corollaries follow as an application of the operator boundedness characterization from Theorem 2.1. 
(ii) The integral operator T g : X → B v is bounded if and only if
Applying Corollary 2.1 to particular choices of Banach spaces with bounded point evaluations gives further specific characterizations of bounded weighted composition and integral operators. One only needs to know the norm of the point evaluation functionals for the corresponding space X. We illustrate this in the next corollary, by stating some of the concrete results for the integral operator acting on the Hardy and weighted Bergman spaces. We also include few further specific comments, added in order to show the commonalities with some of the results for the integral operators mapping into the space H ∞ (see parts of Theorem 1.3 and Theorem 2.6 in [5] ).
For more details and more examples of this kind for the weighted composition operators or for the integral operators with X being either the space BM OA, V M OA, the Besov, or the Bloch spaces, see further [4] and [5] .
Recall first that for 1 ≤ p < ∞, the space H p is the classical Hardy space of functions in H(D), with bounded point evaluations δ z such that ||δ z || = (1−|z| 2 )
where dA refers to the normalized Lebesque area measure on D. Furthermore, recall that A p α is a Banach space of bounded point evaluations with
p . An application of the previous corollary and the comments above give the following more specific boundedness characterizations for the integral operators. For similar characterizations for weighted composition operators on the Hardy and weighted Bergman spaces see [4] .
(ii) The integral operator T g : H p → B β is bounded if and only if
Thus, if p > 
Thus, if p > We mention one more interesting example of an integral-type operator, i.e. the generalized Cesàro operator, and state the specific boundedness results that follow when choosing the initial space X to be a classical growth space. These results are related to the results in [1, Theorem 4.1] for the generalized Cesàro operator, and to results in [11] for the integral operator. One of the results in [1] determines the boundedness and compactness of generalized Cesàro operators with essentially rational symbols, acting on spaces satisfying the condition above, and which are further also contained in H β for some β > 0 (see [1, Theorem 4.1] ). The result in the next corollary generalizes this for the case when X and Y are classical growth spaces of the same kind.
The corollary below follows from Theorem 2.1, the discussion before Corollary 2.1, and Corollary 2.1 itself. Recall also that for the growth space H β , the point evaluations norm is given by ||δ z || = (1 − |z| 2 ) −β , while for the Bloch-type spaces B β , we have that
In the following result LogB denotes the logarithmic Bloch space, i.e. the space of functions f ∈ H(D) such that sup z∈D (1 − |z| 2 ) log 
In the case when γ = β, the condition (iv) is equivalent to g ∈ B, where B = B 1 is the classical Bloch space. (b) Let δ z denote the point evaluation functional for B γ . Then the following are equivalent:
In particular, in the case when γ = β, the condition (iv) is equivalent to:
The last comments in parts (a) and (b) above, for the case γ = β and for the generalized Cesàro operator (in the case of the unit ball in C n ), appear as results in [6] and [11] correspondingly. Note also that the essentially rational functions considered as symbols for the generalized Cesàro operator in [1] are functions that belong to the Bloch space.
The next result gives a general boundedness characterization of operators mapping into the little growth spaces with typical weights. 
T converges weak * to 0 in X * . For the other direction, using the closed graph theorem, it is enough to show that (2.2.2) implies that T f ∈ H v,0 , ∀f ∈ X. This follows directly, since
(ii) The proof of the second part follows similarly and we leave it to the reader, recalling that (
Recall that every weak * convergent sequence is bounded. Hence, every operator T that maps X into the little growth spaces is also bounded as an operator from X into the corresponding growth spaces H v (or B v ), as it should trivially be the case by the Closed Graph Theorem.
Following from Theorem 2.2 are the corresponding versions of corollaries 2.1, 2.2, and 2.3 for specific choices of operators and spaces, this time with the target space being replaced by the little growth spaces. We state here only the corresponding version of Corollary 2.1 for the weighted composition and integral operators on general Banach spaces X with bounded point evaluations, and leave the statements of the other specific corollaries for the reader. Note that since X contains the constant function 1, the weak * condition in the corollary above implies that: in case (i), the function u belongs to H v,0 , and in the cases (ii), or (iii), that the function g belongs to B v,0 , or H β,0 correspondingly. These are of course necessary conditions for the boundedness of the corresponding operators.
The general weak compactness criteria for the intrinsic operators will be addressed in the next section. However, let us mention here that in case X is a reflexive Banach space, every bounded operator T on X is also weakly compact, and the above conditions also characterize the weakly compact intrinsic operators.
It is interesting though that for a special type of non-reflexive spaces X, with properties as specified below, the boundedness of the intrinsic operator on the double dual is closely tied to its weak compactness. As it was shown in [5, Lemma 3.1] such is, for example, the following special class of Banach spaces X: X * is separable, and X * * ⊂ H(D) is such that: (i) Every bounded sequence of functions in X * * is uniformly bounded on compact subsets of D, and
(ii) For every z ∈ D, there exists δ z ∈ X * such that
Thus, the class of spaces X in the next theorem includes, for example, the nonreflexive spaces V M OA, H v,0 , B v,0 and A(D), and the pre-duals of H ∞ , BM OA, H v and B v (see [2] , [5] ). Theorem 2.3. Let X be a Banach space such that the weak * topology on the unit ball of X * * is the τ uc topology, and let T be an intrinsic operator on H(D) such that T : X → H v,0 (or B v,0 ) is bounded. Then, for all F ∈ X * * , T * * F = T F , and so T : X * * → H v (or B v ) is bounded. Furthermore, the following are equivalent:
Proof. We will show the proof only for the case of H v and H v,0 . The proof for the case B v and B v,0 is similar. Since T : X → H v,0 is bounded and H * * v,0 = H v , we have that T * * : X * * → H v is weak * to weak * continuous (see [13, p. 29 
]).
By Goldstine's theorem [13, p. 31] , the closed unit ball B X of X is weak * dense in the closed unit ball B X * * of X * * . We have assumed that the weak * topology on the unit ball of X * * is the τ uc topology. Thus, for any F ∈ X * * , there exists a sequence {f n } in B X such that f n → F in τ uc , and since T is intrinsic on H(D), we have that T f n = T * * f n → T F in τ uc , and so, also pointwise.
But since T * * : X * * → H v is also weak * to weak * continuous, T * * f n → T * * F weak * in H v . The pointwise convergence in H v is weaker than the weak * convergence (see [3, p. 103]), and so T * * f n → T * * F pointwise. Thus, for every z ∈ D, T * * F (z) = T F (z), i.e. T * * F = T F . Since T : X → H v,0 is bounded T * * /X * * = T /X * * and H * * v,0 = H v , we get that T : X * * → H v is also bounded.
We have that (i) and (ii) are equivalent since T (X) ⊂ H v,0 and H v,0 is a closed subset of H v .
The equivalence of (i) and (iii) follows from Gantmacher and Nakamura's theorem (see [8, p . 341]), since T : X → H v,0 is bounded, T * * /X * * = T /X * * , and so T : X → H v,0 is weakly compact if and only if T (X * * ) ⊂ H v,0 .
That (i) and (iv) are equivalent follows by Gantmacher's theorem, i.e. since T : X → H v,0 is bounded and T * * /X * * = T /X * * , T : X → H v,0 is weakly compact if and only if T : X * * → H v is weakly compact.
As an illustration of the application of the previous theorem, we state a corollary with some results for three special choices for the space X. Recall that V M OA * * = BM OA, and that for a typical weight w, H * * w,0 = H w and B * * w,0 = B w .
Corollary 2.5 Let T be an intrinsic operator on H(D) and let v and w be typical weights. (a) If
T : V M OA → H v,0 (or B v,0 ) is bounded, then (i) T : BM OA → H v (or B v ) is bounded, and (ii) T : BM OA → H v,0 (or B v,0 ) is bounded if and only if T : BM OA → H v,0 (or B v,0 ) is weakly compact. (b) If T : H w,0 → H v,0 (or B v,0 ) is bounded, then (i) T : H w → H v (or B v ) is bounded, and (ii) T : H w → H v,0 (or B v,0 ) is bounded if and only if T : H w → H v,0 (or B v,0 ) is weakly compact. (c) If T : B w,0 → H v,0 (or B v,0 ) is bounded, then (i) T : B w → H v (or B v ) is bounded, and (ii) T : B w → H v,0 (or B v,0 ) is bounded if and only if T : B w → H v,0 (or B v,0 ) is weakly compact.
Compactness
In this section we explore the compactness and weak compactness of intrinsic operators mapping into the growth spaces.
We start with the following general lemma which is a standard known result that shows up in the literature in several similar versions. The proof of the compactness can be found, for example, in [12, Lemma 3.7] . The proof of the weak compactness follows similarly, after using the Eberlein-Šmulian theorem (see [5] ). We have the following general characterization of compact and weakly compact intrinsic operators mapping into the growth spaces. 
Proof. (i)
One direction is trivial and follows by Schauder's theorem [8, p. 323] since v(z)||K H z || ≤ 1, i.e. since the set {v(z)K H z ; z ∈ D} is a bounded set in H * v and T * : H * v → X * is compact. For the other direction, assume that {v(z)T * K H z ; z ∈ D} is relatively compact in X * . Suppose that T : X → H v is not compact, i.e. by Lemma 3.1, suppose that ∃ε 0 > 0 and {f n } in X with ||f n || X ≤ 1, such that
Since {v(z)T * K H z ; z ∈ D} is relatively compact in X * , there exists a subsequence {z n k } and m ∈ X * such that as k → ∞,
Since f n → 0 in τ uc and T is intrinsic, |T f n (z n k 0 )| → 0, as n → ∞. Thus, for sufficiently large n
and so lim sup
0 8 and we get a contradiction. Hence, by Lemma 3.1., T : X → H v is compact.
The proof of (ii) follows similarly. The only difference is that we have to estimate
in τ uc , the rest of the proof follows in the same fashion.
since v, T * and the map z → K Hby Eberlein-Šmulian theorem, every sequence in this set has a weakly convergent subsequence.
Suppose v(z)T * K H z does not converge weakly to 0 in X * , as |z| → 1, i.e. there exists F ∈ X * * such that the (bounded) set {|F (v(z)T * K H z )|; z ∈ D} does not converge to 0 in R + , as |z| → 1. Let {z n } in D, |z n | → 1, be such that
From the relative weak compactness, there exists a subsequence {z n k }, such that {v(z n k )T * K H zn k } converges weakly to some m ∈ X * . But then the last subsequence also converges weak * to m, i.e. ∀f ∈ X
Since T is bounded, T f ∈ H v,0 , i.e.
for all f ∈ X. Thus, m = 0 and so
The criteria in the previous result have a familiar form when applied to some specific operators. This is true in particular for the compactness case, and we state the special case of weighted composition operators and integral operators as an illustration of the application of Theorem 3.2. One of the first results of this kind was the result of Madigan and Matheson in [7] for the composition operators on the little Bloch space. A more general version for weighted composition operators on initial spaces with bounded point evaluations, and mapping into the spaces H v,0 , namely part (i) of (a) in the following corollary, appears in [4] . To address further the compactness and weak compactness of intrinsic operators T : X → H v (B v ), we look at a special class of initial spaces. The extra conditions on the space X imposed in the next few theorems are part of the restrictions on the "admissible" domains considered in [4] and [5] for the weighted composition operators and the integral operators. We start first by considering a special kind of intrinsic weakly compact operators. Note that a similar result ([5, Proposition 3.4]) holds for the integral operators, with H ∞ and A(D) playing the roles of H v (B v ) and H v,0 below. Theorem 3.3. Let X be an initial space such that for f ∈ X and 0 ≤ r < 1 the functions f r (z) = f (rz) are in X, and furthermore
Proof. By our assumptions, for f ∈ X and 0 ≤ r < 1, we have that f r ∈ X. Also, in general, f r converges to f in τ uc , as r → 1. Thus, since T : X → H v is weakly compact, we have from Lemma 3.1 that T f r converges weakly in H v to T f . Since H v,0 is a closed subspace of H v , by Mazur's theorem ( [13, p. 28] ) the weak and the norm closure of H v,0 coincide. But T f r ∈ H v,0 , T f r converges weakly in H v to T f , and so T f ∈ H v,0 . Thus, T (X) ⊂ H v,0 and by the closed graph theorem, T : X → H v,0 is bounded.
Note that since v is a typical weight, for any f in X each of the functions f r is actually contained on H v,0 . Requiring that H v,0 ⊂ X, and that H v,0 is invariant for T is also a natural possible condition, but that is in general a stronger condition than the one given in the previous theorem.
A similar results hold for the case of Bloch type growth spaces. Since the proof is very similar, we will only state the corresponding results and leave the proof to the reader. Theorem 3.3'. Let X be an initial space such that for f ∈ X and 0 ≤ r < 1 the functions f r (z) = f (rz) are in X, and furthermore sup 0≤r<1 ||f r || X ||f || X .
Let T be an intrinsic operator on H(D) satisfying T f r ∈ B v,0 , for all f ∈ X and all 0 ≤ r < 1. Then T : X → B v weakly compact implies that T : X → B v,0 is bounded.
In the previous two theorems, since the space X contains the constants, the condition T f r ∈ H v,0 (B v,0 ) also implies that T 1 ∈ H v,0 (B v,0 ). For the case of the weighted composition operator W u,φ , this means that u ∈ H v,0 (B v,0 ), and if T is the integral operator T g , we get that g ∈ H v,0 (B v,0 ). Note that both are necessary conditions for the boundedness of T : X ∈ H v,0 (B v,0 ). On the other hand, it is not hard to see that if either u ∈ H v,0 , or g ∈ B v,0 , then W u,φ , or T g correspondingly, satisfy the required conditions in Theorem 3.3 and Theorem 3.3', namely that then W u,φ f r ∈ H v,0 , or T g f r ∈ B v,0 , for all f ∈ X and all 0 ≤ r < 1.
Using the fact that every bounded operator on a reflexive space is also weakly compact and that H * * v,0 = H v and B * * v,0 = B v , we get the following corollary. Proof. If T : X → H v,0 is bounded, since X = X * * , T = T * * and H * * v,0 = H v , we get that also T : X → H v is bounded. On the other hand, if T : X → H v is bounded, it is also weakly compact, since X is reflexive. But then by Theorem 3.3, T : X → H v,0 is bounded.
The proof of the case B v and B v,0 follows similarly.
Note that a similar result holds in [5] for integral operators mapping a reflexive, admissible space X into H ∞ . It is interesting that in that case, as before, the space H v,0 is replaced by the disk algebra A(D), even though the double dual of A(D) only includes H ∞ , and is not equal to H ∞ . (See Theorem 1.1, part (ii) and Corollary 3.8, part (ii) in [5] .) Next, we would like to get a more specific description of compact intrinsic operators mapping into the spaces H v and B v , when X is not necessarily reflexive. We have the following sufficient condition. class of "admissible" initial spaces X, namely for the spaces X also considered in Theorem 3.3 and Theorem 3.3' above.
